The Fredholm and Volterra types of integral equations are appeared in many engineering fields. In this paper, we suggest a method for solving Fredholm and Volterra integral equations of the first kind based on the wavelet bases. The Haar, continuous Legendre, CAS, Chebyshev wavelets of the first kind (CFK) and of the second kind (CSK) are used on [0,1] and are utilized as a basis in Galerkin or collocation method to approximate the solution of the integral equations. In this case, the integral equation converts to the system of linear equations. Then, in some examples the mentioned wavelets are compared with each other.
Introduction.
The theory and application of integral equations are the important subjects in applied sciences. Integral equations are used as mathematical models for different physical situations. These integral equations also occur as reformulations of other mathematical problems such as ordinary and partial differential equations. For this reason, it is important to explain the appropriate methods with high accuracy to solve these kinds of integral equations numerically.
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Many inverse problems in science and engineering lead to the solution of the following integral equations of the first kind [2, 9] , ∫ ( , ) ( ) = ( ) , −∞ < ≤ ≤ < ∞, (1) ∫ ( , ) ( )d = ( ) , − ∞ < ≤ ≤ < ∞, (2) where, ( ) and ( , ) are known functions and ( ) is the unknown function to be determined.
In general, these kinds of integral equations are ill-posed for a given kernel and driving term . For this reason, the special methods should be introduced to solve them. In recent years, several numerical methods for approximating the solution of the first kind of integral equation are known. Among these methods, the methods based on the wavelets are more attractive and considerable. The wavelets technique allows the creation of very fast algorithms when compared to algorithms which are ordinarily used. Various wavelet basis are applied. In [8] Maleknejad used Legendre wavelets, Xufeng Shang in [11] applied the Legendre multi wavelets. In [6] and [5] Lepik and Gu proposed non-uniform Haar wavelets and Trigonometric Hermit wavelets too. Recently, wavelets basis are applied in order to solve various kinds of integral equations [1, 2, 8] . In [7] the first kind integral equations of Volterra type are solved by using Haar wavelet. In this paper, we propose the method which was presented in [3 , 4] by applying other kinds of well known wavelets such as Legendre and Chebyshev wavelets and compare the results with Haar wavelet. In this paper, we present the application of Legendre [8] , CFK [1] , CSK and CAS [12] wavelets as a basis functions in Galerkin method for numerical solution of the Eq. (1) and compare them with each other. The method is tested by using of some numerical examples. Also, we apply and compare the Legendre, CFK and CAS wavelets as the basis functions in collocation method in order to solve the Eq. (2). At first, in section 2, we introduce the wavelets which are used as basis functions to approximate the unknown function. Then, in sections 3 and 4 we remind the Galerkin and the collocation methods for computing the unknown function using the mentioned wavelets. Finally, in section 5, we solve some Fredholm and Volterra integral equations of the first kind with different wavelets and compare them with each other.
Wavelets and their properties
Wavelets constitute a family of functions constructed from dilation and translation of a single function called mother wavelet. When the dilation parameter and the translation parameter vary continuously we have the following family of continuous wavelets as [8] ,
where, , ( ) forms a wavelet basis for 2 (ℝ). We consider the parameters and as discrete
where, and are positive integers. In particular, when 0 = 2 and 0 = 1 then , ( ) form an orthonormal basis [8] . In this work, we use the following wavelets. In the sequel, the notation (. , . ) means the inner product and (. , . ) denotes the inner product with respect to the weight function ( ).
Legendre wavelets
Consider the well-known Legendre polynomials of order , ( ), which are orthogonal with respect to the weight function ( ) = 1 and derived from the following recursive formula:
is the order of Legendre polynomials and is a fixed positive integer. They are defined on the interval [0,1) as follows:
where, � ( ) = (2 + 1) 1 2 ( ).
CFK wavelets
CFK wavelets , = ( , , , ) have four arguments, = 1,2, … , 2 −1 , can assume any positive integer, is the degree of Chebyshev polynomials of the first kind and denotes the time.
where,
In Eq. (4), ( ) are Chebyshev polynomials of degree which are orthogonal with respect to the function ( ) = 1/√1 − 2 ,on the interval [−1,1] ,and satisfy the following recursive formula:
CSK wavelets
CSK wavelets , = ( , , , ) also have four arguments, = 1,2, … , 2 −1 , can assume any positive integer, is the degree of Chebyshev polynomials of the second kind [10] and denotes the time.
In Eq. (5), ( ) are Chebyshev polynomials of degree which are orthogonal with respect to the function ( ) = √1 − 2 ,on the interval [−1,1] ,and satisfy the following recursive formula: 
where, , = � ( ), , ( )� .
If the infinite series in (6) is truncated, then (6) can be written as
CAS wavelets CAS wavelets
, ( ) = ( , , , ) have four arguments, = 0,1, … , 2 − 1 , can assume any nonnegative integer, is any integer and is the normalized time and weight function is ( ) = 1. They are defined on the interval [0,1) as
The set of � , ( )� are composed and be expanded by CAS wavelet series as
where , = � ( ), , ( )� .
If the infinite series in (9) is truncated, then (9) can be written as
. [12] (10)
Galerkin Method
In Galerkin method, we choose a sequence of finite dimensional subspaces 
where, is called the residual in the approximation of Eq.(1) [2] . Now, to determine unknown coefficients, we impose the following requirements:
Thus, we obtain the system of algebraic equation:
In this system, the unknowns vector is = [ 1 , 2 , … , ] and the elements of and are:
In this section, we apply the Galerkin method based on the mentioned wavelets as basis for solving Eq.(1). In the tables, the absolute errors are computed for each one of the wavelets. Algorithm3. 1.
Step 1: Consider the basic functions of Legendre, CAS, FKC or SKC wavelets { ( )} =1
Step 2: Calculate matrix , × , with entry = ∫ ∫ ( ) ( , ) ( ) ( ) and then solve the system of = to obtain .
Step 3: Approximate ( ) in Eq. (1) with
, where is i-th entry of . 
Collocation Method
In this section, as we mentioned in the previous section to approximate the unknown function in the integral Eq. (2). Let ( ) = ∑ ( )
=1
be the approximate solution of Eq. (2). Now, by substituting in integral Eq. (2) we get the following residual function:
Now, for determining unknown coefficients we can choose an expansion method [6] . We choose the collocation method to find . In the collocation method, we select some collocation points then put the residual equation in these points equal to zero. So, we have
where, the collocation points are:
Therefore, the following system of linear equations is formed [6, 1] , Step 1: Consider the basic functions of Haar [5] , Legendre [8] and Chebyshev [1] wavelets as { ( )} =1 .
Step 2: Calculate matrix with entry = ∫ ( , ) 0 ( ) and vector with entry = ( ) and then solve the system = to obtain . 
Illustrative examples
In this section, we apply the collocation method based on the mentioned wavelets as basis for solving Eq. (1). In the tables, the absolute errors are computed for each one of the wavelets. The programs have been provided with Mathematica 6 according to the algorithms 1 and 2 in the interval [ , ] = [0,1]. We use the points mentioned in (6) and construct the system (7) 
The exact solution is ( ) = . Table 1 illustrates the results of the example. 
, with exact solution ( ) = . The numerical results are represented in tables 2 and 3.
With comparing the results of tables 2 and 3, we can observe that the growth of the error in FKC and SKC wavelets, as k and M increase, is less than the growth in the Legendre wavelets. 
The exact solution is ( ) = 2 − + 1. Table 4 illustrates the results of this example. 
.
0
The exact solution is ( ) = sin(4 ). Table 5 shows the result for example 5.4. As we observe in the tables 4 and 5, the result of the examples for Legendre and Chebyshev wavelets is more accurate than the result of Haar wavelet.
Conclusion
The aim of this work is to propose a method for solving Volterra integral equation of the first kind using Legendre and Chebyshev wavelets. The presented method converts the integral equation into a system of linear algebraic equations. We applied the Legendre and Chebyshev wavelets as basis function and observed that these wavelets can behave better than the Haar wavelet on [0,1].
